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AN EXAMPLE OF ENTROPY NON-EXPANSIVE
KAM-NONDEGENERATE NEARLY INTEGRABLE SYSTEM
DMITRI BURAGO, DONG CHEN AND SERGEI IVANOV
Abstract. In this paper we present a Hamiltonian perturbation of any com-
pletely integrable Hamiltonian system with 2n degrees of freedom (n ≥ 2).
The perturbation is C∞ small but the resulting flow has positive metric en-
tropy and it satisfies KAM non-degeneracy conditions. The key point is that
positive entropy can be generated in an arbitrarily small tubular neighborhood
of one trajectory.
1. Introduction
We presume that a potential reader interested in this paper is familiar with such
notions as the symplectic manifolds and Lagrangian subspaces, Hamiltonian vector
fields and flows, Poisson and Lie brackets, first integrals, Lyapunov exponents,
metric and topological entropy, integrable systems, and has a basic idea of the
main concept of the KAM Theory. We will refresh some of these notion, or to set
up notations, and briefly discuss a few more technical aspects of the KAM Theory.
Open questions are at the end of the paper.
We work on a symplectic manifold (Ω2n, ω0) with n ≥ 2. A Hamiltonian system
with 2n degrees of freedom is called completely integrable if it admits n algebraically
independent first integrals which pair-wisely Poisson commute. According to the
Liouville-Arnold Theorem (a precise statement can be found in [17]), except for a
zero measure set, the phase space of a completely integrable system with compact
common level sets of the integrals is foliated by invariant tori and the motion on
each of these tori is conjugate to some linear flow on a standard torus. These
invariant tori are in fact common level sets of the angle variables in the so called
action-angle coordinates which are constructed in the course of the proof of the
Liouville-Arnold Theorem.
If one perturbs the Hamiltonian function of a completely integrable system, the
resulting Hamiltonian flow is called nearly integrable. For simplicity, we work in
the C∞ category, though the smoothness can be lower (depending on the dimen-
sion). Once the unperturbed system is non-degenerate in a suitable sense, the cel-
ebrated Kolmogorov-Arnold-Moser(KAM) theorem [3][16][20] shows that in nearly
integrable systems, a large amount of invariant tori survive and the dynamics on
these tori is still quasi-periodic. “A large amount” means that the measure of the
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tori which do not survive goes to zero as the size of the perturbation does (the con-
crete estimates are of no importance for us here). These invariant tori are called
KAM tori. The tori which survive have “sufficiently irrational” rotation numbers
(a certain degree of being Diophantine, the precise condition is a bit technical and
of no importance for this paper).
The dynamic outside KAM tori draws a lot of attention. An interesting but
relatively easy (by modern standards, though quite important in its time) question
is whether topological entropy could become positive. This means the presence of
some hyperbolic dynamics there. Newhouse [21] proved that a C2 generic Hamil-
tonian flow contains a hyperbolic set (a horse-shoe), hence the flow has positive
topological entropy. When we confine our attention to geodesic flows on Riemann-
ian manifolds instead of Hamiltonian flows, Kneiper and Weiss [18] proved that a
C∞ generic Riemannian surface admits a hyperbolic set in its geodesic flow. This
result was later extended by Contreras [14] to C2 generic Riemannian manifolds
with dimension at least 2.
Then Arnold [4] (in a number of papers followed by papers by Douady [15] and
others) gave examples of what is now known as the Arnold diffusions: there maybe
trajectories asymptotic to one invariant torus at one end and then asymptotic to
another torus on the other end. Furthermore, there maybe trajectories which spend
a lot of time near one torus, then leave and spend even longer time very close to
another one and so on. This sort of hyperbolicity is, however, very slow. We know
this by the double-exponential estimates on the transition time due to Nekhoroshev
[22].
In the presence of canonical invariant measure, topological entropy is not so
interesting: it can (and often does) live on a set of zero measure. To get positive
topological entropy, it suffices to find one Poincare´-Smale horseshoe (even of zero
measure). Little is known about is the metric entropy, i.e. the measure theoretic
entropy with respect to the Liouville measure on a level set (or to the symplectic
volume on the entire space). Positive metric entropy implies positive topological
entropy, but not vice versa [8]. Despite the strong interest in nearly integrable
Hamiltonian systems, what was lacking is understanding whether these systems
admit positive metric entropy.
In this paper we give a positive answer to this question by constructing specific
perturbations near any Liouville torus. There are natural questions about genericity
of such perturbations or how large the entropy is (See Section 5); these questions
remain open.
A dual lens map technology has been recently developed and used in [11] to
construct a C∞ Lagrangian perturbation of the geodesic flow on the standard Sn
(n ≥ 4) such that the resulting flow has positive metric entropy and is entropy non-
expansive in the sense of [9]. The ideas grew from the boundary rigidity problems.
The tool used in [11] opened a new door towards more interesting results. In some
sense, in this paper the dual lens map technique is applied to Lagrangian sub-
manifolds in a symplectic manifold rather than to geodesics in a Finsler manifold.
By combining the dual lens map techniques with the Maupertuis principle, it
is shown in [13] that one can make a C∞ small Lagrangian perturbation of the
geodesic flow on an Euclidean Tn (n ≥ 3) to get positive (though extremely small
due to [22]) metric entropy. Unlike the case of spheres, the geodesic flows on flat
tori are KAM-nondegenrate. Therefore in view of KAM theory, the construction in
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[13] is an improvement of that in [11]. With this result we know that in some region
in the complement of KAM tori, the dynamics of a nearly integrable Hamiltonian
flow can be quite stochastic. On the other hand, unlike the construction in [11],
the perturbed flows in [13] are entropy expansive.
The perturbations in [11] and [13] are constructed for the geodesic flows of the
standard metrics of Sn and Tn. In this paper we generalize the methods to arbitrary
integrable systems and obtain the following theorem:
Theorem 1.1. Let ΦtH be a completely integrable Hamiltonian flow on a symplectic
manifold Ω = (Ω2n, ω) with n ≥ 2, and let T ⊂ Ω be a Liouville torus of this flow.
Then one can find a C∞-small perturbation H˜ of H such that the resulting
Hamiltonian flow Φt
H˜
has positive metric entropy. Furthermore, such perturbation
can be made in an arbitrarily small neighborhood of T and such that the flow is
entropy-nonexpansive (see the definition below).
Remark 1.2. An important class of examples of Hamiltonian flows is provided
by (Legendgre transforms of) geodesic flows of Finsler metrics. These are flows
on the co-tangent bundle of a base manifold Mn with Hamiltonians that are 2-
homogeneous and strictly convex on each fiber. If H in Theorem 1.1 belongs to
this class then H˜ can be chosen from this class too, hence the result can be achieved
by perturbing the original Finsler metric on M . We leave to the reader checking
this fact. For the Riemannian metrics however this remains an open problem.
One primary distinction between our examples and those in [13] is the dimen-
sion 2. In this case, the 2-dimensional KAM tori separate the 3-dimensional energy
level thus no Arnol’d diffusion is admitted in such systems. Nevertheless we still
get positive metric entropy between these tori.
Another improvement is the entropy non-expansiveness. We say a flow Φt is
entropy non-expansive if for any ǫ > 0, there exists an orbit γ such that the set of
trajectories which stay forever within distance no more than ǫ from γ contains an
open invariant set on which the dynamic has positive metric entropy [9]. Basically
it means that positive metric entropy can be generated in an arbitrarily small
neighborhood of an orbit of the system. The issue attracted a lot of interest, see
for instance [9, 22]. In particular, the first Author introduced this notion in 1988
being in mathematical isolation in the former Soviet Union, see [10]. This situation
is a bit counter-intuitive since hyperbolic dynamics tends to expand and occupy all
space. In our situation, however, it is generated even near a periodic orbit, meaning
that hyperbolic dynamics is localized in a small neighborhood not only in the phase
space but in the configuration space too. The paper [11] gave a construction of an
entropy non-expansive flow however not in the context of the KAM Theory.
This paper will be organized in the following ways: in Section 3 we change the
problem of perturbing the Hamiltonian to perturbation of the Poincare´ map. In
Section 4 we use a recent result by Berger-Turaev [7] to show how to get positive
metric entropy in a small invariant set by perturbing a family of symplectic maps
(including those we get in Section 3) and give a proof of Theorem 1.1. A more
detailed plan of proof can be found in Section 2.3.
2. Preliminaries
2.1. Hamiltonian flows. Let (Ω2n, ω0) be a 2n-dimensional symplectic manifold
and H a smooth function on T ∗M . The Hamiltonian vector field XH is defined as
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the unique solution to the equation
ω0(XH , V ) = dH(V )
for any smooth vector field V on Ω. XH is well-defined due to non-degeneracy of ω0.
The flow ΦtH on Ω defined by Φ˙
t
H = XH is called the Hamiltonian flow on Ω with
Hamiltonian H . One can easily verify that ΦtH preserves ω0 and hence the volume
form ωn. Any Hamiltonian flow is locally integrable. To be more specific, we have
the following generalization of Darboux’s theorem [19, Chapter I, Theorem 17.2]:
Theorem 2.1 (Carathe´odory-Jacobi-Lie). Let (Ω2n, ω0) be a symplectic manifold.
Let a family p1, ..., pk of k differentiable functions (k ≤ n), which are pairwise
Poisson commutative and algebraic independent, be defined in the neighborhood V
of a point x ∈ Ω. Then there exists 2n − p other functions pk+1, ..., pn, q1, ..., qn
defined in an open neighborhood U of x in V such that in U we have
ω0 =
n∑
i=1
dqi ∧ dpi.
Corollary 2.2. For any point x ∈ Ω and any Hamiltonian function H, one can
find an open neighborhood U of x and symplectic coordinates (q,p) in U such that
H |U = pn.
2.2. Sections and Poincare´ maps. Throughout the paper Ω = (Ω2n, ω) denotes
a symplectic manifold, n ≥ 2, H : Ω → R a smooth Hamiltonian, X = XH the
Hamiltonian vector field of H , and {ΦtH}t∈R the corresponding Hamiltonian flow.
A section of the flow {ΦtH} is a (2n−1)-dimensional smooth submanifold Σ ⊂ Ω
transverse to the trajectories of the flow. The transversality means that XH is
nowhere tangent to Σ. Note that this implies in particular that XH does not
vanish on Σ. A section Σ determines the Poincare´ return map which sends a point
x ∈ Σ to the first intersection point of the trajectory {ΦtH(x)}t>0 with Σ. This is
a partially defined map from Σ to itself.
We need to consider a more general situation: given two sections Σ0 and Σ1
of {ΦtH}, the associated Poincare´ map is a partially defined map RH : Σ0 → Σ1
defined as follows: for x ∈ Σ0, RH(x) is the first intersection point of the trajec-
tory {ΦtH(x)}t>0 with Σ1. (If the trajectory does not intersect Σ1, then RH(x) is
undefined). We denote this map by RH,Σ0,Σ1 or by RH when Σ0 and Σ1 are clear
from context.
Since Σ0 and Σ1 are transverse to the trajectories, RH is defined on an open
subset of Σ0 and it is a diffeomorphism from this subset to its image in Σ1. In this
paper we always choose sections Σ0 and Σ1 so that RH,Σ0,Σ1 is a diffeomorphism
between Σ0 and Σ1. This is achieved by replacing Σ0 and Σ1 by suitable small
neighborhoods of some x ∈ Σ0 and RH(x) ∈ Σ1.
The Hamiltonian induces a number of structures on sections. Here is a list of
structures and their properties that we need in this paper. For a detailed exposition
of relations between flows and their sections, see [23, §6.1].
2.2.1. Induced measure on sections. Since the flow ΦtH preserves the canonical sym-
plectic volume on Ω, it naturally induces a measure VolΣ on a section Σ as follows:
for a Borel measurable A ⊂ Σ,
VolΣ(A) = VolΩ{ΦtH(x) : x ∈ A, t ∈ [0, 1]}
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where VolΩ in the right-hand side is the symplectic volume counted with multiplic-
ity.
One easily sees that Poincare´ maps preserve the induced measure on sections.
Furthermore, from Abramov’s formula [1] one sees that the positivity of metric
entropy of a Poincare´ return map implies that of the flow:
Proposition 2.3. Let Σ be a section such that the Poincare´ return map RH,Σ,Σ
is a diffeomorphism and it has positive metric entropy. Then the flow {ΦtH} has
positive metric entropy. 
2.2.2. Slicing sections by level sets. For a section Σ and h ∈ R we denote by Σh
the h-level set of H |Σ:
Σh = {x ∈ Σ : H(x) = h}.
Since Σ is transverse to the flow, the differential of H |Σ does not vanish. Hence Σh
is a smooth (2n− 2)-dimensional submanifold. Furthermore, one easily checks the
following:
(1) The restriction of the symplectic form ω to Σh is non-degenerate. Thus Σh
is a symplectic manifold.
(2) Let Σ0, Σ1 be two sections such that the Poincare´ map RH : Σ0 → Σ1 is
a diffeomorphism. Since the flow preserves H , RH sends Σ
h
0 to Σ
h
1 . We
denote by RhH the restriction RH |Σh0 . One easily sees that RhH preserves the
symplectic form, hence it is a symplectomorphism between Σh0 and Σ
h
1 .
(3) Let VolΣh denote the (2n − 2)-dimensional symplectic volume on Σh. A
straightforward computation shows that the (2n − 1)-dimensional volume
VolΣ (see above) is determined by the family {VolΣh}h∈R of symplectic
volumes of level sets:
(2.1) VolΣ(A) =
∫
R
VolΣh(A ∩ Σh) dh
The identity (2.1) and Abramov-Rokhlin entropy formula [2] imply that it suffices
to obtain positive metric entropy for the Poincare´ return map on the slices Σh.
Namely the following holds.
Proposition 2.4. Let Σ be a section such that the Poincare´ return map RH =
RH,Σ,Σ is a self-diffeomorphism of Σ. Suppose that there is a set Λ ⊂ R of positive
Lebesgue measure such that for every h ∈ Λ, the symplectomorphism RhH : Σh → Σh
has positive metric entropy. Then RH has positive metric entropy.
Remark 2.5. The above structures depend on both Σ andH . The measure VolΣ and
the level sets Σh are determined by the restriction ofH to an arbitrary neighborhood
of Σ. In the proof of Theorem 1.1 we fix suitable sections Σ0 and Σ1 and perturb H
in a small region between them. The perturbation does not change H near Σ0∪Σ1,
hence the volume forms VolΣi on the sections and the splitting of Σi into symplectic
submanifolds Σhi remain the same.
However the Poincare´ map can be affected by such perturbations of H . Our
plan is to perturb H in such a way that the resulting Poincare´ return map on a
suitable section Σ has an invariant open set where it satisfies the assumptions of
Proposition 2.4.
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2.3. Plan of the proof. Let Ω, H , T be as in Theorem 1.1. First, by a small
perturbation of H preserving integrability and Liouville tori, we make the flow on
T nonvanishing and periodic. Then pick a point y0 ∈ T and choose a small section
Σ through y0 such that y0 is a fixed point of the Poincare´ return map RH = RH,Σ,Σ.
Let Σ0 be a small neighborhood of y0 in Σ such that RH |Σ0 is a diffeomorphism
onto its image Σ1 := RH(Σ0). The remaining perturbations of H occur within a
tiny neighborhood of a point x0 lying on the trajectory of y0. This guarantees that
the Poincare´ map RH˜ = RH˜,Σ0,Σ1 is still a diffeomorphism between Σ0 and Σ1.
The perturbed Hamiltonian H˜ should satisfy the following conditions: the Poincare´
map RH˜ : Σ0 → Σ1 has an invariant open set U ∋ y0, and the restriction of RH˜ to
this invariant set has a positive metric entropy. Then, by Proposition 2.3 applied
to U in place of Σ, the flow {Φt
H˜
} has a positive metric entropy.
The construction of H˜ is divided into two parts. The first part, summarized
in Lemma 4.2, is a construction of a perturbed Poincare´ map R˜ : Σ0 → Σ1 with
the properties desired from the Poincare´ map RH˜ . The second part, described in
Section 3, is a construction of a perturbed Hamiltonian H˜ which realizes the given
R˜ as its Poincare´ map: R˜ = RH˜ .
In order to be realizable as a Poincare´ map, the diffeomorphism R˜ has to satisfy
the natural requirements: it should map the slices Σh0 to the respective slices Σ
h
1 ,
and it should preserve the symplectic form on the slices. In fact, in Section 3 we
show that any sufficiently small compactly supported perturbation of RH satisfying
these requirements is realizable as a Poincare´ map of some perturbed Hamiltonian,
see Proposition 3.1.
3. Hamiltonian perturbations with prescribed Poincare´ maps
In this section we fulfill the last step of the above plan. We use the notation
introduced in Section 2.2: Ω = (Ω2n, ω) is a symplectic manifold, n ≥ 2, H : Ω→ R
is a Hamiltonian and {ΦtH} is the corresponding flow, Σ0 and Σ1 are sections such
that the Poincare´ map RH : Σ0 → Σ1 is a diffeomorphism. Let y0 ∈ Σ0 and let x0
be a point on the trajectory {ΦtH(y0)} between Σ0 and Σ1.
Let R˜ be a perturbation of RH with the same properties as RH , namely
(1) R˜ : Σ0 → Σ1 is a diffeomorphism;
(2) R˜ preserves H , that is, H ◦ R˜ = H on Σ0. Equivalently, R˜(Σh0 ) = Σh1 for
every h ∈ R;
(3) the restriction of R˜ to each Σh0 preserves the symplectic form.
We also assume that R˜ is C∞-close to RH and they coincide outside a small neigh-
borhood of our base point y0. Our goal is to realize R˜ as a Poincare´ map of some
perturbed Hamiltonian H˜ . Moreover H˜ can be chosen C∞-close to H and such
that H˜ −H is supported is a small neighborhood of x0. More precisely, we prove
the following.
Proposition 3.1. Let Ω, H, Σ0, Σ1, y0 and x0 be as above. Then for every
neighborhood U of x0 in Ω there exists a neighborhood V of y0 in Σ0 such that, for
every neighborhood H of H in C∞(Ω,R) there exists a neighborhood R of RH in
C∞(Σ0,Σ1) such that the following holds.
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For every R˜ ∈ R satisfying (1)–(3) above and such that R˜ = RH outside V ,
there exists H˜ ∈ H such that H˜ = H outside U , and R˜ = RH˜ where RH˜ : Σ0 → Σ1
is the Poincare´ map induced by H˜.
In the sequel we assume that the neighborhood U in Proposition 3.1 is so small
that U ∩ (Σ0 ∪ Σ1) = ∅ where U denotes the closure of U . This guarantees that
the Hamiltonian remains the same in a neighborhood of Σ0 ∪Σ1 and therefore the
induced structures on Σ0 and Σ1 are preserved by the perturbation, see Remark 2.5.
In order to prove Proposition 3.1, we first prove the following variant where we
realize R˜ as a Poincare´ map only on one level set H−1(h). Here we denote by RhH
the restriction of RH on Σ
h
0 .
Proposition 3.2. Let Ω, H, Σ0, Σ1, y0 and x0 be as above, and let h = H(x0).
Then for every neighborhood U of x0 in Ω there exists a neighborhood V
h of y0 in Σ
h
0
such that, for every neighborhood H of H in C∞(Ω,R) there exists a neighborhood
Rh of RhH in C∞(Σh0 ,Σh1 ) such that the following holds.
For every symplectic R˜h ∈ Rh such that R˜h = RhH outside V h, there exists
H˜ ∈ H such that H˜ = H on H−1(h) \ U and R˜h = Rh
H˜
.
3.1. Proof of Propositions 3.2. The proof of Propositions 3.2 is divided into a
number of steps.
Step 1. Localization. In this step we show that in suffices to prove the
propositions in the canonical case where
• Ω = R2n = {(q,p) : q,p ∈ Rn}, with the standard symplectic structure
ω =
∑n
i=1 dqi ∧ dpi.
• H(q,p) = pn.
• x0 is the origin of R2n.
• Σ0 = {(q,p) : qn = −1} and Σ1 = {(q,p) : qn = 1}.
Indeed, our assumptions imply that dH(x0) 6= 0. By adding a constant to H
we may assume that H(x0) = 0. By Theorem 2.1 there exist a neighborhood U0
of x0 and a symplectic coordinate system (q,p), q = (q1, . . . , qn), p = (p1, . . . , pn),
in U0 such that pn = H |U0 and p(x0) = q(x0) = 0. In these coordinates we have
XH =
∂
∂qn
.
Let ε0 > 0 be so small that the coordinate cube
Q0 := {(q,p) : |qi| ≤ ε0 and |pi| ≤ ε0 for all i}
is contained in both U0 and the union of the trajectories between Σ0 and Σ1. Let
Σ− and Σ+ be the opposite open faces of Q defined by
(3.1) Σ± = {(q,p) : qn = ±ε0, |qi| < ε0 for all i < n, |pi| < ε0 for all i}.
In suffices to prove the propositions for Σ− and Σ+ in place of Σ0 and Σ1.
Indeed, the assumptions on ε0 imply that there are diffeomorphic Poincare´ maps
R− = RH,Σ′
0
,Σ− and R+ = RH,Σ+,Σ′1 where Σ
′
0 and Σ
′
1 are suitable neighborhoods
of y0 and RH(y0) in Σ0 and Σ1, resp. In the statements of the Propositions 3.1
and 3.2 we may assume that U ⊂ Q0 and require that V ⊂ Σ′0 (resp. V h ⊂ Σ′0).
Then a perturbation H˜ of H does not change the Poincare´ map outside Σ′0, and
it induces a Poincare´ map R˜ : Σ′0 → Σ′1 if and only if it induces a a Poincare´ map
R−1+ ◦ R˜ ◦R−1− from Σ− to Σ+.
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Thus we may replace Σ0 and Σ1 with Σ− and Σ+ and assume that U ⊂ Q0.
Using the coordinates to identify Q0 with a cube in R
2n where R2n is equipped with
the standard symplectic structure and the standard Cartesian coordinates (q,p) =
(q1, . . . , qn, p1, . . . , pn). The hypersurfaces Σ± are now subsets of the affine hyper-
planes {qn = ±ε0}. Applying the symplectic transformation (q,p) 7→ (ε−10 q,p · ε0)
and multiplying H by a constant we make Σ± subsets of the hyperplanes {qn = ±1}
while H is still the coordinate function pn. Now we may extend the structures to
the whole R2n and reduce the propositions to the canonical case described above.
Throughout the rest of the proof we work (without loss of generality) in this
canonical setting. Recall that the hypersurfaces Σi, i = 0, 1, are foliated by level
sets Σhi of H . In our standardized setting we have Σ
h
i = {(q,p) ∈ Σi : pn = h}, so
Σhi is an (2n− 2)-dimensional affine subspace.
Step 2. For each p̂ = (p̂1, . . . , p̂n) ∈ Rn, define
(3.2) Ap̂ = {(q,p) ∈ Σ0 : p = p̂}.
Each set Ap̂ is an (n− 1)-dimensional affine subspace contained in Σh0 for h = p̂n.
Moreover Ap̂ is a Lagrangian submanifold of Σ
h
0 . We denote by
R
n
h = {(p̂1, . . . , p̂n) : p̂n = h}.
Amap R˜h satisfying the requirements of Proposition 3.2 maps the partition {Ap̂}p̂∈Rn
h
of Σh0 to a partition of Σ
h
1 into Lagrangian submanifolds R˜(Ap̂). The next lemma
shows that R˜h is uniquely determined by the resulting partition of Σh1 .
Lemma 3.3. Let Rh1 , R
h
2 : Σ
h
0 → Σh1 be symplectomorphisms such that Rh1 = Rh2
outside a compact subset of Σh0 . Suppose that R
h
1 (Ap̂) = R
h
2 (Ap̂) for every p̂ ∈ Rnh.
Then Rh1 = R
h
2 .
Proof. Let f = (Rh2 )
−1 ◦ Rh1 . The map f is a symplectomorphism from Σh0 to
itself and it is the identity outside a compact set. Let e1, . . . , en, en+1, . . . , e2n
be the coordinate vectors corresponding to the coordinates q = (q1, . . . , qn), p =
(p1, . . . , pn) in R
2n. The affine space Σh0 is naturally equipped with coordinates
(q1, . . . , qn−1, p1, . . . , pn−1). The assumption that R
h
1 (Ap̂) = R
h
2 (Ap̂) for all p̂ ∈ Rnh
implies that f preserves the coordinates p1, . . . , pn−1. Hence for every (q,p) ∈ Σ0
the partial derivatives of f at (q,p) have the form
(3.3)
∂f
∂pj
(q,p) = en+j + vj , j = 1, . . . , n− 1,
and
(3.4)
∂f
∂qi
(q,p) = wi, i = 1, . . . , n− 1,
where vj , wi belong to the linear span of e1, . . . , en−1.
Since f preserves the symplectic form ω on every slice {pn = const} of Σ0, the
vectors vj and wi from (3.3) and (3.4) satisfy
ω(en+j + vj , wi) = ω(en+j , ei) = δij
for all i, j ∈ {1, . . . , n − 1}, where δij is the Kronecker delta. Since vj and wi are
from the linear span of e1, . . . , en−1, we have ω(vj , wi) = 0. Thus ω(en+j , wi) = δij
ENTROPY NON-EXPANSIVE KAM SYSTEMS 9
for all i, j. Hence wi = ei for all i. Now (3.4) takes the form
∂f
∂qi
(q,p) = ei, i = 1, . . . , n− 1.
Hence the restriction of f to every subset {q = const} is a parallel translation. Since
f is the identity outside a compact set, it follows that f preserves the coordinates
q1, . . . , qn−1 and is the identity everywhere. Hence R
h
1 = R
h
2 . 
We may assume that the set U where we are allowed to change the Hamiltonian
is a cube (−ε, ε)2n where ε ∈ (0, 1). We prove the statement of Proposition 3.2 for
V h ⊂ Σh0 defined as the projection of U to Σh0 , namely
(3.5) V h = (−ε, ε)n−1 × {−1} × (−ε, ε)n−1 × {h}.
We may assume that the neighborhood H of H (see the formulation of the
proposition) is so small that every H˜ ∈ H such that H˜ = H on H−1(h) \U induces
a smooth bijective Poincare´ map Rh
H˜
: Σh0 → Σh1 . Moreover, RhH˜ = RhH outside V h
for every such H˜ .
With Lemma 3.3, Proposition 3.2 boils down to the following statement: Given
a sufficiently small perturbation R˜h of RhH such that R˜
h = RhH outside V
h, we can
construct a perturbed Hamiltonian H˜ ∈ R such that H˜ = H on H−1(h) \ U and
(3.6) Rh
H˜
(Ap̂) = R˜
h(Ap̂) for all p̂ ∈ Rnh.
Step 3. For each p̂ ∈ Rn, define a Lagrangian affine subspace Lp̂ ⊂ R2n by
Lp̂ = {(q, p̂) : q ∈ Rn}.
The subspaces Lp̂, where p̂ ranges over R
2n, form a foliation of R2n. Our plan is
to perturb the subfoliation {Lp̂}p̂∈Rn
h
and obtain another foliation by Lagrangian
submanifolds {L˜p̂}p̂∈Rn
h
such that
(3.7) L˜p̂ ∩Σh0 = Ap̂
and
(3.8) L˜p̂ ∩ Σh1 = R˜h(Ap̂)
for all p̂ ∈ Rnh , and define the perturbed Hamiltonian H˜ so that it is constant
on each submanifold L˜p̂. Since the flow (without fixed points) on a level set of a
Hamiltonian is determined by this set up to a time change, once we fix the level set
H˜−1(h), the resulting Poincare´ map on Σh0 is independent of other level sets.
The next lemma says that this construction solves our problem. We say that
a line segment [x, y] ⊂ R2n is horizontal if it is parallel to coordinate axis of the
qn-coordinate.
Lemma 3.4. Let {L˜p̂}p̂∈Rn
h
be a foliation by Lagrangian submanifolds satisfying
(3.7) and (3.8). Let H˜ : R2n → R be a smooth function such that
(3.9) H˜ |L˜p̂ = h for all p̂ ∈ R
n
h
and suppose that H˜ defines a smooth Poincare´ map Rh
H˜
: Σh0 → Σh1 .
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Suppose in addition that every horizontal segment intersecting Σh0 ∪ Σh1 but not
intersecting U = (−ε, ε)2n is contained in one of the submanifolds L˜p̂. Then RhH˜ =
R˜h and H˜ = H on H−1(h) \ U .
Proof. The key implication of the assumption (3.9) is that every submanifold L˜p̂
is contained in one level set of H˜ .
First we show that H˜ = H on H−1(h)\U . Recall that H = pn and R˜(Σh0 ) = Σh1 .
This and (3.7), (3.8), (3.9) imply that H˜ = H on Σh0 ∪ Σh1 . Since U is a convex
set lying between the hyperplanes Σ0 and Σ1, every point x ∈ H−1(h) \ U can be
connected to a point y ∈ Σh0 ∪ Σh1 by a horizontal segment not intersecting U . By
the assumptions of the lemma the segment [x, y] is contained in one level set of H˜,
and it is contained in a level set of H since H = pn. Therefore H˜(x) = H(x) for
all x ∈ H−1(h) \ U .
Now we show that Rh
H˜
= R˜h. Fix p̂ ∈ Rnh and consider the leaf L˜p̂ of our
foliation. By the elementary linear algebra, the property that L˜p̂ is contained in
a level set of H˜ implies that the Hamiltonian vector field XH˜ is tangent to L˜p̂.
Therefore L˜p̂ is invariant under the flow Φ
t
H˜
. By (3.7) and (3.8) it follows that
(3.10) Rh
H˜
(Ap̂) = Lp̂ ∩ Σh1 = R˜h(Ap̂).
The fact that H˜ = H on H−1(h) \ U implies that Rh
H˜
= RhH = R˜
h outside a
compact set. Now with (3.10) at hand we can apply Lemma 3.3 to Rh
H˜
and R˜h in
place of Rh1 and R
h
2 and conclude that R
h
H˜
= R˜h. 
It remains to construct a foliation {L˜p̂} satisfying Lemma 3.4 and such that the
resulting Hamiltonian H˜ is sufficiently close to H in C∞. This is achieved in the
next two steps.
Step 4. We begin with a construction of L˜p̂ for a fixed p̂ ∈ Rnh. Throughout
this step, p̂i denotes a fixed real number (the ith coordinate of p̂) and pi, qi are
still coordinate functions, i = 1, . . . , n.
We identify R2n with the cotangent bundle T ∗Rn using qi’s are spatial coordi-
nates and pi’s are coordinates in the fibers of the cotangent bundle. We construct
the desired leaf L˜p̂ as a graph of a closed 1-form α˜ = α˜p̂ on R
n. Recall that a
graph of a 1-form is a Lagrangian submanifold of the cotangent bundle if and only
if the 1-form is closed, see e.g. [12].
Define W = (−ε, ε)n. The last requirement of Lemma 3.4 prescribes {L˜p̂}
and hence α˜ outside W . We cover R2n by two open half-spaces {qn < ε} and
{qn > −ε} and consider α˜ on these half-spaces with W removed. First consider a
1-form α =
∑
p̂i dqi (with constant coefficients) and define the restriction of α˜ to
{qn < ε} \W by
(3.11) α˜ = α on {qn < ε} \W.
The graph of α is the unperturbed leaf Lp̂. It satisfies (3.7) and consists of hori-
zontal segments, fulfilling the respective part of requirements of Lemma 3.4.
Now we define α˜ on the set {qn > −ε} \W . In fact, α˜ on this set is uniquely
determined by the map R˜ and the requirement (3.8). Consider the set A˜ := R˜h(Ap̂),
the desired intersection of the graph of α˜ with Σh1 . Since R˜ preserves H and
ENTROPY NON-EXPANSIVE KAM SYSTEMS 11
the symplectic form in the levels of H , A˜ is an (n − 1)-dimensional Lagrangian
submanifold of the affine subspace Σh1 . In the unperturbed case R˜
h = RhH , A˜ is
an affine subspace Σh1 . Hence, if R˜
h is sufficiently close to RhH in C
∞, then A˜ is a
graph of a closed 1-form β˜ defined on the hyperplane {qn = 1} ⊂ Rn. We define
the restriction of α˜ to {qn > −ε} \W by
(3.12) α˜ = Π∗β˜ + p̂n dqn on {qn > −ε} \W,
where Π is the orthogonal projection from Rn to the hyperplane {qn = 1}. The
graph of the 1-form defined by (3.12) consists of horizontal segments and satisfies
(3.8). Since R˜h = RhH outside V (see (3.5)), the definitions (3.11) and (3.12) agree
on the common domain {−ε < qn < ε} \W .
Thus we have defined the desired 1-form α˜ on Rn \W . Our goal is to extend α˜
to the whole Rn. We need the following lemma.
Lemma 3.5. α˜ defined above is exact on Rn \W .
Proof. The statement is trivial if n > 2, since the 1-form is closed and the set
Rn \W is simply connected.
For n = 2, it suffices to check that the integral of α˜ over any one cycle going
around the hole W = (−ε, ε)2, is zero. We do this for the boundary of the square
[−1, 1]2. Let s be the side [−1, 1]×{1} of this square. Since α˜ = α on the remaining
three sides of the square, it suffices to verify that
∫
s α˜ =
∫
s α. Each integral is the
signed area between the graph of the respective 1-form and the line {p1 = 0} in
the plane Σh1 with coordinates (q1, p1). Since one graph is taken to the other by
a symplectomophism R˜h ◦ (RhH)−1 which is the identity outside the small square
(−ε, ε)2, this signed area is preserved. 
The right-hand sides of (3.11) and (3.12) are closed 1-forms defined on the entire
Rn. Let f : Rn → R and g : Rn → R be their antiderivatives. To ensure that f and
g depend smoothly on the parameter p̂, we choose them so that g(0, . . . , 0,−1) =
f(0, . . . , 0,−1) = 0. Observe f = g outside the set (−ε, ε)n−1 × R since (3.11) and
(3.12) agree there.
We combine f and g using a suitable partition of unity as follows. Fix a smooth
function µ : R → [0, 1] such that µ(t) = 1 for all t < −1/2 and µ(t) = 0 for all
t > 1/2 and define a smooth function f˜ : Rn → R by
f˜(q) = µ(εqn) · f(q) + (1− µ(εqn)) · g(q).
Now define
α˜ = df˜
everywhere on Rn. This definition agrees with (3.11) and (3.12) on their respective
domains since f and g agree on the set {−ε < qn < ε} \W .
This finishes the construction of the 1-form α˜ = α˜p̂ for a fixed p̂. The graph L˜p̂
of α˜p̂ is a Lagrangian submanifold satisfying the requirements of Lemma 3.4.
Step 5. It remains to show that H˜ can be chosen to be C∞ close to H . In order
to prove it we prove the family of Lagrangian submanifolds {L˜p̂}p̂∈Rn
h
, constructed
in the previous step, is a C∞ perturbation of the original foliation {Lp̂}p̂∈Rn
h
.
Going through the constructions of Step 4 one sees that α˜p̂ depends smoothly
on p̂. Hence one can define a smooth map Fh : H−1(h)→ R2n by
Fh(q, p̂) = (q, αp̂(q)), q ∈ Rn, p̂ ∈ Rnh.
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This map takes each leaf of the original foliation {Lp̂} to the corresponding La-
grangian submanifold L˜p̂. Note that F
h is determined by R˜h by means of explicit
formulae (involving some inverse functions) and in the unperturbed case (when
R˜h = RhH) the resulting map F
h is the identity. Therefore F is C∞-close to the
identity on any fixed compact set as long as R˜ is C∞-close to RH . We may assume
that the neighborhood R of RhH from which R˜h is chosen (see the formulation of
Proposition 3.2) is so small that
(3.13) ‖Fh − id‖C1([−1,1]2n−1×{h}) < 12
where the norm of the first derivative is understood as the operator norm.
The construction in Step 4 implies that F is the identity on the set {qn < −ε} and
Fh − id is constant along any horizontal segment not intersecting U . This implies
that the norm estimate in (3.13) holds in C1(H−1(h)), and this norm estimate
implies that Fh is a diffeomorphism from H−1(h) to its image.
Thus H˜ can be chosen to be C∞ close to H and we finish the proof of Proposi-
tion 3.2.
Proposition 3.2 can be applied to prove the following fact which is known in
folklore but for which the authors could not find a reference.
Proposition 3.6. Let ϕ0 : D
2n → D2n, n ≥ 1, be a symplectomorphism C∞-close
to the identity and coinciding with the identity near the boundary. Then there exist
a smooth family of symplectomorphisms {ϕt}t∈[0,1] of D2n fixing a neighborhood of
the boundary and such that ϕt = ϕ0 for all t ∈ [0, 13 ], ϕt = id for all t ∈ [ 23 , 1], and
the family {ϕt} is C∞-close to the trivial family (of identity maps).
Proof. Consider Ω = R2n+2 = (q1, . . . , qn+1, p1, . . . , pn+1) with the standard sym-
plectic structure and Hamiltonian H = pn+1. et Σ0 and Σ1 be affine hyperplanes
defined by the equations qn+1 = −1 and qn+1 = 1, resp.
We introduce notation p¯ and q¯ for the coordinate n-tuples (p1, . . . , pn) and
(q1, . . . , qn). The Poincare´ map RH : Σ0 → Σ1 is given by
RH(q¯,−1, p¯, pn+1) = (q¯, 1, p¯, pn+1).
We define a perturbed map R˜0 : Σ00 → Σ01 by
R˜0(q¯,−1, p¯, 0) = (ϕ0,q(q¯, p¯), 1, ϕ0,p(q¯, p¯), 0)
where ϕ0,q and ϕ0,p are q- and p- coordinates of ϕ0. By applying Proposition 3.2
to h = 0 we get H˜ such that R˜0 = R0
H˜
. Let H be the Hamiltonian such that
H −1(0) = H˜−1(0) (hence R˜0 = R0
H˜
= R0
H
), and H − pn+1 does not depend on
pn+1. Then ∂H /∂pn+1 = 1 and the return map RH is given by
RH (q¯,−1, p¯, pn+1) = (ϕ0,q(q¯, p¯), 1, ϕ0,p(q¯, p¯), pn+1).
Define time-dependent Hamiltonian Ht on R
2n as follows:
Ht(q¯, p¯) = H (q¯, t, p¯, 0).
Then the flow on R2n generated by Ht connects the identity to ϕ0. 
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3.2. Proof of Proposition 3.1. We deduce Propositions 3.1 from Proposition 3.2
by applying it to all h ∈ R and to the corresponding restrictions R˜|Σh
0
in place of
R˜h. Let H˜h denote the resulting perturbed Hamiltonian for a given h. Then the
desired H˜ in Proposition 3.1 is constructed from the family {H˜h}h∈R in such a way
that H˜−1(h) = (H˜h)−1(h) for every h ∈ R. The resulting Poincare´ map is the
prescribed R˜ since the Hamiltonian flow is determined by level sets up to a time
change.
We have only to show that the family of Lagrangian submanifolds L˜p̂, p̂ ∈ Rn,
constructed in the Step 4 in the proof of Proposition 3.2, forms a foliation of R2n.
Similar to Step 5, one can define a smooth map F : R2n → R2n by
F (q, p̂) = (q, αp̂(q)), q, p̂ ∈ Rn.
F is C∞-close to the identity on any fixed compact set as long as R˜ is C∞-close to
RH . Furthermore one can slightly adjust the argument in Step 5 to show that F is
a diffeomorphism from R2n to itself. This finishes the proof of Proposition 3.1.
4. Proof of Theorem 1.1
We begin with the following result by Berger-Turaev [7].
Theorem 4.1 ([7]). For any n ≥ 1, there is a C∞-small perturbation of the identity
map id : D2n → D2n such that the resulting map is symplecitc and coincides with
the identity map near the boundary and has positive metric entropy.
Proof. Theorem A in [7] is proven for n = 1. Though they did not mention in
the theorem whether the perturbed map agrees with the original map near the
boundary, Corollary 5 in [5] (see also Corollary 4.8 in [7]) guarantees that they can
coincide near ∂D.
To extend the result to n ≥ 2, one can do the following. Let ϕ : D2 → D2 be the
perturbation of the identity constructed for n = 1 and {ϕt} the family of symplec-
tomorphisms constructed in Proposition 3.6 for ϕ0 = ϕ. Define a diffeomorphism
Φ: D2 ×D2n−2 → D2 ×D2n−2 by
Φ(x, y) = (ϕ|y|(x), y), x ∈ D2, y ∈ D2n−2.
One easily sees that Φ is a symplectomorphism fixing the neighborhood of the
boundary. Since Φ(x, y) = ϕ(x) for all y with |y| ≤ 13 and ϕ has positive metric
entropy, so does Φ. 
Let Ω = (Ω2n, ω) be a symplectic manifold, H : Ω → R a Hamiltonian such
that the flow {ΦtH} is completely integrable, and T a Liouville torus and x0 ∈
T . By the Liouville-Arnold theorem, there exist action-angle coordinates (q,p) =
(q1, ..., qn, p1, .., pn) near T .
These coordinates identify a neighborhood of T with the product Tn×D where
D ⊂ Rn is a small n-dimensional disc and Tn = Rn/Zn is the standard n-torus.
The coordinates p1, . . . , pn parametrize D and q1, . . . , qn are the standard angle
coordinates on Tn (taking values in R/Z). The Hamiltonian H depends only on
p-coordinates, hence it can be regarded as a function on D.
The flow ΦtH in these coordinates is governed by the equations
(4.1)
{
q˙i = Ai(p) :=
∂H
∂pi
(p)
p˙i = 0.
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Thus, along every trajectory the p-coordinates are constant and q-coordinates vary
linearly with velocity Ai(p), i = 1, . . . , n. We may assume that p = 0 on T and
H(0) = 0.
By a small perturbation of the function H = H(p) near p = 0 we can satisfy
the following conditions:
• The flow on T is nonvanishing. (This means that at least one of the numbers
∂H
∂pi
(0) is nonzero).
• The flow on T is periodic. (It suffices to perturb H so that all numbers
∂H
∂pi
(0) are rational).
• The system is KAM-nondegenerate at T . In our notation this condition
means that the Hessian of H at p = 0 is nondegenegate.
We change the coordinates by an action of some matrix from SL(n,Z) on Tn to
assure that the (periodic) flow on T is the flow along the qn-coordinate, that is,
Ai(0) = 0 for i = 1, . . . , n− 1 and An(0) > 0.
After having made these modifications we abuse notation and use the same letter
H for the modified Hamiltonian and p, q for the modified coordinates. It suffices
to prove the theorem for Hamiltonians and coordinates satisfying the conditions
above.
For h ∈ R, denote
Dh := {p ∈ D : H(p) = h}.
Replacing D by a smaller neighborhood of 0 if necessary, we apply the implicit
function theorem (using the fact that ∂H∂pn (0) = An(0) > 0) and obtain a smooth
family {fh}h∈R of smooth functions fh : Rn−1 → R such that
(4.2) p ∈ Dh ⇐⇒ pn = −fh(p1, . . . , pn−1)
for every h ∈ R and p ∈ D. (The minus sign here is introduced to be canceled out
later in (4.4)). We introduce notation p¯ and q¯ for the coordinate (n − 1)-tuples
(p1, . . . , pn−1) and (q1, . . . , qn−1). With this notation (4.2) implies that
(4.3) H(p¯,−fh(p¯)) = h
for all p¯ ∈ Rn−1 sufficiently close to the origin and h ∈ R sufficiently close to 0.
Differentiating (4.3) with respect to pi we obtain that
(4.4)
∂fh
∂pi
(p¯) =
Ai
An
(p¯, fh(p¯)), i = 1, ..., n− 1.
Since Ai(0) = 0 for i < n, the origin is a critical point of fh.
Now we cut our invariant tubular neighborhood of T by a hypersurface
Σ = {(q,p) : qn = 0}
and consider the resulting Poincare´ return map R = RH : Σ→ Σ. The hypersurface
Σ is naturally identified with Tn−1 × D and parametrized by coordinates (q¯,p)
where q¯ = (q1, . . . , qn−1) and p = (p1, . . . , pn). By (4.1), R is given by
(4.5) R(q¯,p) =
(
q1 +
A1
An
(p), . . . , qn−1 +
An−1
An
(p),p
)
.
Note that the origin of Σ is a fixed point of R.
The next lemma is one of the key ingredients of the proof.
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Lemma 4.2. There exist a diffeomorphism R˜ : Σ→ Σ arbitrarily close to R in C∞
and such that R˜ = R outside an arbitrarily small neighborhood of the origin and
the following conditions are satisfied:
(1) For every h ∈ R, R˜ maps the level set Σh := {x ∈ Σ : H(x) = h} to itself
and preserves the symplectic form on this set.
(2) There is a small R˜-invariant neighborhood of the origin and the restric-
tion of R˜ to this neighborhood has positive metric entropy. Moreover, R˜ is
entropy non-expansive.
Remark 4.3. In order to speak about metric entropy of R˜, we regard Σ with the
measure induced by the symplectic volume on Ω and the original flow ΦtH , see
(2.1). One easily sees that any map R˜ satisfying the first requirement of the lemma
preserves this measure.
Proof. Our nondegeneracy assumption on the Hessian of H(p) imply that 0¯ ∈
Rn−1 is a nondegenerate critical point of f0. This implies that for all h near
0, the function fh has a nondegenerate critical point c¯(h) = (c1(h), . . . , cn−1(h))
depending smoothly on h with c¯(0) = 0¯.
First we fix h ∈ R sufficiently close to 0 and describe the construction within Σh.
By (4.2), the intersection of Σh with a suitable neighborhood of the origin is
parametrized by a map
Γh : Oq ×Op → Σ
given by
Γh(q¯, p¯) = (q¯, p¯,−fh(p¯))
where Oq and Op are certain neighborhoods of the origin in R
n−1. Here in the right-
hand side we use the coordinates (q¯,p) = (q¯, p¯, pn) on Σ. Since Op comes from the
implicit function theorem, it can be chosen uniformly in h. Hence we may assume
that c¯(h) ∈ Op. Observe that Γh preserves the symplectic form, where Oq ×Op ⊂
R2n−2 is equipped with the standard symplectic form dq¯ ∧ dp¯ = ∑n−1i=1 dqi ∧ dpi.
Therefore the restriction of R to the set Γh(Oq × Op) ⊂ Σh is conjugate to a
symplectic map Gh : Oq ×Op → R2n−2,
(4.6) Gh = Π ◦R ◦ Γh
where Π is the standard projection forgetting the last coordinate. For brevity, we
define m = n− 1.
We are going to perturb Gh so that the resulting map G˜h : Oq × Op → R2m is
still symplectic, it coincides with Gh outside a compact subset of Oq × Op, has an
invariant neighborhood of this origin and a positive metric entropy in this neigh-
borhood.
By (4.5) and (4.4), Gh can be written in the form
(4.7) Gh(q¯, p¯) = (q¯+∇fh(p¯), p¯)
where ∇fh is the Euclidean gradient of fh : Rm → R. Notice that Gh is the time-1
map of the Hamiltonian flow ΦtFh with the Hamiltonian Fh given by
(4.8) Fh(q¯, p¯) := fh(p¯)
Our plan is to perturb Fh and define G˜h as the time-1 map of the flow defined by
the perturbed Hamiltonian.
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Since c¯(h) is a nondegenerate critical point of fh, by Morse Lemma there exist
a coordinate chart P¯ = (P1, . . . , Pm) in Op such that P¯ vanishes at c¯(h) and
(4.9) fh = fh(c¯(h)) + P
2
1 + · · ·+ P 2k − P 2k+1 − · · · − P 2m
in a neighborhood of c¯(h). We regard P1, . . . , Pm as functions on Oq×Qp by setting
Pi(q¯, p¯) = Pi(p¯). Then (4.9) is a formula for Fh as well, cf. (4.8). Since P1, . . . , Pm
depend only on p¯-coordinates, they are Poisson commuting. Hence, by Theorem
2.1, one can extend this collection of functions to a symplectic coordinate system
(Q¯, P¯) = (Q1, . . . , Qm, P1, . . . , Pm) in a neighborhood of the point (q¯, p¯) = (0¯, c¯(h))
in Oq ×Op. We may assume that Q1, ..., Qm vanish at (0¯, c¯(h)).
We perturb the Hamiltonian Fh in a region Uδ := {P¯2 < δ, Q¯2 < δ} where δ is a
sufficiently small positive number. Let ξ be a smooth function on [0, 1] with ξ ≡ 1
on [0, δ/2] and ξ ≡ 0 on [δ, 1]. For any ε > 0, define a perturbed Hamiltonian Fh,ε,δ
by
(4.10) Fh,ε,δ := Fh + ε ξ(P¯
2) ξ(Q¯2) (Q21 + · · ·+Q2k −Q2k+1 − · · · −Q2m).
Due to the formula (4.9) for Fh, the Hamiltonian flow Φ
t
Fh,ε,δ
within Uδ/2 is governed
by the following equations in coordinates (Q¯, P¯):
Q˙i = 2Pi, i ≤ k,
P˙i = −2εQi, i ≤ k,
Q˙i = −2Pi, i > k,
P˙i = 2εQi, i > k.
This defines a periodic flow with period 2π/
√
ε and a fixed point at P¯ = Q¯ = 0¯.
Outside Uδ, the flow Φ
t
Fh,ε,δ
coincides with the original flow ΦtFh . We assume that
δ is so small that the trajectories of the flow ΦtFh starting in Uδ stay within the
domain of (Q¯, P¯) for all t ∈ [0, 1]. Then the same property holds for the flow
ΦtFh,ε,δ .
We chose ε so that N := 2π/
√
ε is an integer. Define
(4.11) Gh,ε,δ := Φ
1
Fh,ε,δ ,
the time-1 map of the flow determined by the Hamiltonian Fh,ǫ,δ. This map is
defined on an open subset of Oq ×Op containing the closure of Uδ (provided that δ
is sufficiently small), and it tends to Gh in C
∞ as ε→ 0 (for each fixed δ). The disc
Dδ/2 is invariant under Gh,ε,δ and the restriction of Gh,ε,δ to this disc is N -periodic.
Choose a closed disc B ⊂ Uδ/2 such that the sets B,Gh,ε,δ(B), . . . , GN−1h,ε,δ(B) are
disjoint. This disc is just a sufficiently small ball centered at a non-fixed point of
Gh,ε,δ. By Theorem 4.1, there exist a symplectomorphism θ : B → B arbitrarily
C∞-close to the identity fixing a neighborhood of the boundary and having positive
metric entropy. We extend θ to the whole R2m by the identity map outside B and
use the same letter θ for its extension to R2m.
Now define
(4.12) G˜h = Gh,ε,δ ◦ θ.
This formula defines G˜h in a neighborhood of the closure of Uδ. Outside Uδ this
map coincides with Gh and we extend it by Gh to obtain a map G˜h : Oq × Op →
R2m. By construction, Uδ/2 is invariant under G˜h, B is invariant under G˜
N
h , and
(G˜Nh )|B = θ|B . Therefore the restriction of G˜h to Uδ/2 has positive metric entropy.
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By choosing ε sufficiently small and θ sufficiently close to the identity, G˜h can be
made arbitrarily close to Gh in the C
∞ topology.
In order to make the perturbed map entropy non-expansive, the construction can
be modified as follows. Instead of working with one disc B, we choose a sequence
of disks {Bi} tending to the origin, with diameters going to 0, and such that the
sets Gkh,ε,δ(Bi), i ∈ N, k = 0, . . . , N − 1, are disjoint. We perturb the identity map
within each Bi as in Theorem 4.1 so that the composition of these perturbations is
a C∞ map θ : R2m → R2m which is close to the identity. Then the map G˜h defined
by (4.12) is entropy non-expansive.
By the conjugation inverse to (4.6) we transform G˜h to a perturbation R˜h of
Rh = R|Σh . Namely
(4.13) R˜h = Γh ◦ G˜h ◦Π|Σh
within the coordinate domain Γh(Oq ×Op) and R˜h coincides with Rh outside this
domain. This finishes the description of the construction within one level set.
It remains to show that one can apply the construction simultaneously on all level
sets Σh, h ∈ R, so that the union of the resulting maps R˜h is a diffeomorphism
R˜ : Σ→ Σ satisfying the requirements of the lemma.
In order to do this, we first construct coordinates (Q¯, P¯) = (Q¯h, P¯h) as above
for all h from a neighborhood of 0 so that they depend smoothly on h. The P¯-
coordinates are constructed using the Morse Lemma. In order to make sure that
they depend smoothly on h, one can apply the Morse-Bott Lemma (a.k.a. the
parametric Morse Lemma), see e.g. [6, Theorem 2]. More precisely, to obtain a
smooth family {fh} of functions satisfying (4.9), one applies the Morse-Bott Lemma
to the function (p¯, h) 7→ fh(p¯)−fh(c¯(h)) defined in a neighborhood of 0 in Rn−1×R.
The Q¯-coordinates are constructed from P¯-coordinates by means of Theorem 2.1.
By analyzing the proof of Theorem 2.1 in e.g. [19] one can see that this construction
boils down to explicit formulae involving algebraic computations and solutions of
O.D.E.s, hence it can be made smooth in h in a suitable neighborhood.
Having constructed the (Q¯h, P¯h)-coordinates for all h ∈ (−h0, h0), we define
Fh,ε,δ by (4.10) using a small fixed δ and ε = ε(h) such that ε(h) is a small constant
for |h| < h0/3 and ε(h) = 0 for |h| > 2h0/3. Then define G˜h by (4.11) and (4.12)
using θ = θh depending on h as follows: {θh} is a smooth family C∞-close to
a constant one, θh is a fixed map θ as above for |h| < h0/3, and θh = id for
|h| > 2h0/3. The existence of such a family is guaranteed by Proposition 3.6.
Finally, define R˜h by (4.13). The union of maps R˜h forms a self-diffeomorphism
of the set {x ∈ Σ : H(x) ∈ (−h0, h0)}. By construction, this diffeomorphism
coincides with R on the set of x such that |H(x)| ∈ (2h0/3, h0). We extend it to a
diffeomorphism R˜ : Σ→ Σ by setting R˜ = R on the remaining part of Σ.
The resulting map R˜ has an invariant neighborhood {P2 < δ/2,Q2 < δ/2, |H | <
h0/3}. Since the maps R˜h, h ∈ (−h0/3, h0/3), have the coordinate representation
and they have positive metric entropy and are entropy non-expansive, the restriction
of R˜ to the above neighborhood has a positive metric entropy. 
Now Theorem 1.1 follows from Lemma 4.2 and Proposition 3.1.
18 DMITRI BURAGO, DONG CHEN AND SERGEI IVANOV
5. Some open problems
Here we briefly discuss a few open problems, some of them are mentioned above.
1. In case of the geodesic flow on a Riemannian manifold, we do not know how to
make the perturbation Riemannian. This seems to be quite an intriguing problem.
2. How large entropy can be generated depending on the size of perturbation (any
estimates would certainly involve some characteristics of the unperturbed system)?
Probably some (very non-sharp) lower bounds can be obtain by a careful analysis of
the proof. As for the upper bounds, we suspect they should be double-exponential
like Nekhoroshev estimates.
3. Our construction is very specific and non-generic. What abut a generic per-
turbation?
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